Based on the simple phenomenological σππ, σN N and ππγ interactions, we estimate the σ exchange effect in the Lamb shift of muonic hydrogen. We at first calculate the effective couplings of σµµ by two photons and two pions exchange, then calculate the corresponding corrections to the energy shift of the 2S/2P states of muonic hydrogen. We find the correction to the energy shift of 2S state is about -14µeV by the current used parameters, which is about 44% of the usual two photons exchange contribution, and is larger than the current experimental precision, and should be considered in the experimental analysis.
I. INTRODUCTION
The puzzle of the proton size has attracted many interesting after the first precise measurement of the Lamb shift in muonic hydrogen [1] . Up to now, the CODATA2014 [2] gave r E = 0.8751(61) fm based on the ep scattering data and hydrogen data, while the recent precise measurement of the Lamb shift in muonic hydrogen confirmed the charge radius of proton r E = 0.84087(39) fm [3] . In the past a few years, many theoretical calculations on the energy spectrum of muonic hydrogen [4, 5] and analysis on the ep scattering data [6] have been done in the literatures, and these discussions showed the puzzle still persist and "how big is the proton" is still a serious question for us. And it is necessary for the theorists to give more careful discussions on the possible higher order's contributions in the Lamb shift.
In this work, we consider the correction due to the scalar meson σ exchange between the muon and the proton by two photons and two pions exchange which is showed as Fig.   1 . The properties of the scalar meson σ has been discussed for a long time due to its large decay width and complex properties, and the recent PDG [7] lists it with its pole mass as s σ pole = 400 − 550 − i(200 − 350)MeV. In the recent literatures [8, 9] , the one pion exchange corrections to the energy spectrum of muonic hydrogen are discussed and the contributions are found to be very small. At first glance, naively the pole mass of σ is about 500 Mev which is much larger than the mass of π and may give smaller contribution to the effective potential in the non-relativistic limit, and it is difficult to imagine that it can play its role in atomic physics. While we should note that actually the contributions from the electromagnetic form factors of proton (proton size) have been observed in atomic physics, and in some degree this effect is similar with the effect from a ρ meson exchange between the muon and proton, due to vector meson dominance mechanism [10] . In the NN, πN systems [11] , it has been indicated that the σ has large non-perturbative effective coupling with the NN and ππ. Different with the interaction between π 0 and two photons, there is no chiral anomaly for the electromagnetic interaction of σ. Since the mass of σ is smaller than ρ, we can expect the exchange of σ may give certain contribution to the energy shifts of muonic hydrogen even its coupling to muon is by two photons. In this work, based on the simple effective interactions between σNN, σππ and ππγ, we give an estimation on the σ exchange effect in the Lamb shift of the muonic hydrogen. The similar corrections in the Lamb shift of the hydrogen are very small due to the larger Bohr radius of hydrogen and are not discussed.
II. BASIC FORMULA
Our start point is different with the calculations [5] based on the chiral effective theory . In the chiral effective theory, the interactions are written down based on the chiral symmetry which is a property of QCD in the limit m u,d → 0, while since we are going to discuss the effects of strong interaction in the atomic physics level, the approximation m u,d ≈ 0 is not a good approximation. And physically, the exist of π, σ mesons and their interactions with proton and photons suggests we can construct the interaction including the scalar meson σ directly in a phenomenological way. We take the following effective interactions for σNN, σππ, and ππγ as our start point for our discussion.
where
The corresponding effective vertexes are expressed as
with ±p 1 , ±p 2 the momentums of the incoming and outgoing π ∓ . To include the effects from the electromagnetic structure of π ± , the electromagnetic form factor of pion is considered to describe the behavior of the effective coupling and we rewrite the effective vertexes as
with
. We want to point out that the full amplitude is still gauge invariant by these effective couplings, and the including of the form factor also provides a natural regularization of the UV divergence. The choice of the parameter Λ = 0.77GeV in this approach is not only consistent with the experimental data for the electromagnetic form factor of pion [12] , but also give consistent result for π 0 → e + e − [7] . In the case we discussed, the suitable choice of the cut-off Λ is also equivalent to the usual renormalization method by introducing a direct coupling interaction as counter term [9] . We will show this in the following .
By these interactions, the amplitude µ → µσ * by two photons and two pions exchange can be written down from the diagrams in the Fig. 1 ,
with m µ the mass of muon and the M (a,b,c) µ→µσ * refer to the amplitudes from the corresponding diagrams showed in Fig. 1, p 1 , p 3 are the momentums of the incoming and outgoing muon,
, and the effective coupling g σµµ is also defined. In the Feynman gauge, the explicit expressions for the three amplitudes are written as
where m π is the mass of pion, q 1,2,3 and k 1,2 are the corresponding momentums of photons and pions showed in the corresponding diagrams of Fig. 1 . We use the package Feyncalc9 [13] to simplify the Dirac matrix and use the FIESTA4.1 [14] to do the numerical calculation for the two loop integration. Since we are interesting in the corrections to the energy shifts of muonic hydrogen, the behavior of the couplings g σµµ (Q 2 ) in the non-relativistic approximation is important to such corrections, we expand the effective couplings at Q 2 = 0 and we find it can be expressed in a normal form as
In the practical calculation, we find that only c 1 is dependent on the parameter Λ, this can be understood naturally, since the parameter Λ plays the role as the regularization parameter which is corresponding to the Q 2 independent counter term in the effective interactions, this means in our case, the result by introducing the form factor is equivalent to introduce a direct coupling of meson-muon-muon as counter term.
By the effective coupling g σµµ , we can use the quasipotential method by matching the amplitude from the effective interactions in quantum field theory and that from the effective non-relativistic potential in quantum mechanism as similar as the case of pion exchange between nucleon nucleon.
where m N , m σ are the masses of proton and σ respectively, and NR refers to the nonrelativistic approximation. The effective potential in the momentum space and coordinate space can be expressed as
with ⇀ q 2 = −q 2 = Q 2 and r = | r|. The corrections to the energy level of 2S/2P states in the perturbative theory are
and can be calculated directly as
with x = a u m σ , a u the Bohr radius of muonic hydrogen.
III. PARAMETERS IN THE EFFECTIVE INTERACTION
To give a numerical estimation to the ∆E 2S,2P , we should at first give an estimation to the coupling parameters g σππ , g σN N and the mass of σ. For the mass of σ in the propagator, we approximately take it as the real part of its pole mass to estimate the contribution, which means we directly take m σ = 0.45 GeV as an example. By the effective interactions Eq.(1), the decay width Γ(σ → ππ) can be calculated directly which can be expressed as
If we take the decay width of σ as Γ σ = 0.5 GeV, we can get |g σππ | = 3.1 GeV, which is close to the values presented in the literatures [15] . For g σN N , we directly take it as |g σN N | = 14 which is given in many literatures [11] . The relative phase between the g σN N and g σππ (0 or π) is a little difficult to be determined. In principle,, this phase can be estimated from the phase of the effective coupling of σ → γγ, here we do not go to discuss this question in detail and just assume the relative phase is 0. shifts of muonic hydrogen can be gotten easily which are
and almost all the contributions are from the c 1 term for 2S state and c 2 term for 2P state.
From the Fig. 2 , we can see the main uncertainty in our calculation is from the input values for the mass of σ, the couplings g σN N and g σππ . The precise determine of these values are difficult due to the nonperturbative properties of QCD. In our discussion, we just take the center values from the literatures. And naively we can expect that all these values have at least 10% uncertainty, and the final result have at least 30% uncertainty, while the order of the last contribution is certain. In the literatures, the two photons exchange correction to the Lamb shift usually is taken as 33 µeV [16] . The contribution −14 µeV is about 44% of such correction and about 4% of the current discrepancy (0.316 meV) [17] . The order of this correction is still larger than the current experimental precision and should be considered in the experimental analysis.
In summary, we discuss the σ exchange effect in muonic hydrogen by two photons and two pions exchange and find it gives about −14 µeV to the Lamb shift of muonic hydrogen by the present used parameters and this correction should be considered under the current experimental precision.
